REDUCTION FORMULAE PROBLEMS

Additional results :

n T/
f sin"x dx =2 f sin™ x dx
0 0

For all integral values of n.

Il. n /2
J. cosx dx = 2f cos™x dx
0

0

If nis an even integer.

If nis an odd integer.

M. 2n T/,
J sin"x dx = 4j sin™ x dx
0 0

If nis an even integer.

If nis an odd integer.

=0
V. 2m /2
j cos™ x dx = 4] cos™ x dx If nis an even integer.
0 0
. If nis an odd integer.
V. /s />
J sin? x cosx dx =j sinx cosP x dx
0 0
1
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Vi 4 /2
f sin™x cos™ xdx = 2 f sin™x cos™xdx | Ifniseven, miseven orodd
0 0
= 0

If nis odd, mis even or odd




VI, 2m /2
f sin™x cos" xdx = 4f sin™ x cos™ xdx | If mand n both are even
0 0
Otherwise
= 0
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0
Solution :
Put = sin® dx = coso do
When X = 0, 6 =0
X = 1, 0 = w2
/2 ,
in'd
| = f Cosecose do
0
/2
= [ sin7odo
0
642
= 7% .3.1
_ 16
- 35
1 2 2
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Ex. 2 dx
J(; 1-%°
Solution :
Put X = sin@ dx = cosO do
0 =0 tomn2
/2 ) )
_ sin“0 (4 —sin“0)
| = I 05 0 cos0 do
0
/2 /2
= 4 [ sinfodo— [ sin*4do
0 0
_ 4(1 E) (é 1 E)
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_ 3n
- T 16
3 3/2
X
Ex. 3 I NEE dx




Solution :

Put X = 3sin%0 dx = 6 sin 6coso do
6 = 0 tomk2
/2

| = .[ (3sin’0)*?

- 6 sin Ocoso do
(3-3sin%0)"?

0
2 3%2 sin0
I = J 1, 6sin6coso do
0 37 cos 0O
/2
= 1SI sin*ado
0
31nxn
- 92 = &
= 18 19
| = 2im
-8

EE]
EE]

Ex. 4 : Find the reduction formula for j sin" x dx and hence evaluate I sin® x dx

0 0
Solution :

Let I, = [ sin"xdx

n

sin" 1 x sin x dx

O e A3 O "= N3

Integrating by parts,

Y

sin"* xJ.sin X dx}(d% sin"* x)(j sin x dx) dx
0

Y

1
[sin™* x (- cos x)]g/4 fJ' [(n—1)sin"~ 2 x (cos X)] (- cos X) dx

0

z

n-1 4
[(sin %) (cos %)70J+ (nfl)J‘ sin"~? x cos? x dx

0

s

= Kﬁ)n_l (izﬂ +(n— 1)j£sin”‘2x (1 —sin*x) dx
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1 n 4
= - @ +(n-1) J'
0
1 n
In = - ﬁ +(n_1)[|n—2_|n]
1 n
|n+(n71)|n = - @ +(n71)|n—2
1 n
nIn = - ﬁ +(n_1)|n—2
Lo L1y n-1
nT T no \/E n-2
ﬂ
4
Now, Isinexdx = g
0
. Putn = 6 inequation (1)
Lo _YAY.5,
6 - _6\/5 6 4
lg = i+§|
6 7 48 6 ¢4
Put n =4 in equation (1)
I, = li4+§|
4 = —4\/5 4 2
I, = i+§|
47 716 47
Put n = 2 in equation (1)
l, = 1L2+l|
2 = 72\/5 2 0
11
, = 2t3 ly
T T
4 4 .
But lpb = J‘sinoxdxzj‘ldxzz
0 0
. 1
~. Equation (4) = l, = -7
1
l, = -2
. 1
Equation (3) = I, = 16
-1
- 16
1
I, = -2
. 1
Equation (2) = lg = -8
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1 5 157

= 748 2416 x32
~1-10 5n
48 64
- il 5m
6 = ~48 " 64
i
4
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.'.J'sm6xdx = *EJ’é
0

Ex.: Find R.F. for [ tan™ x dx

Solution:
Let U, = ftann xdx
= f tan"? x tan? x dx = f tan""2 x (sec? x — 1)dx
= f tan""2 x sec? x dx — f tan" 2 x dx
tan™" 1 x ,
=———— | tan" “xdx
n—1
tan" 1 x

“lUn=—77 " Unz
EXIf Iy = [ cos™ x sinnx dx. then show that (m + My = —cos™xcosnx + mly_q 5,4
Solution:
We have,

Inn = J cos™ x sin nx dx
Using by parts
d
Ipn = cos™x J sinnx dx — ja (cos™x) (j sinnx dx) dx

cosnx cos™ x o cos nx
=——————— | —mcos xsmx(— )dx
n
cosnxcos™Mx m .
=—?—;fcosmxsmxcosnxdx ...(1)

Consider
sin(n — 1)x = sinnx cos x — cos nx sin x

~ cosnxsinx = sinnx cosx — sin(n — 1)x

-~ equation (1) becomes,
cosnxcos™x m

Iy =—————— ] cos™x [sinnx cos x — sin(n — 1)x]dx
' n n
cosnxcos™x m me1 m M1 o
Ippn=——""—"————/| cos™ ' xsinnxcosxdx +— | cos™ ! xsin(n — 1)x dx
, n n n
cosnxcos™x m o m Me1 . s
Iypn=————————] cos™xsinnxdx +— | cos x sin(n — Dx dx
, n n n

! cos nx cos™ x mI +m1
mn n n mn n m-1n-1




i.e. (m+n)l,, =—cos™xcosnx +mly,_;, 4

— m
Ipn =—cos™xcosnx +mly,_;, 4

GAMMA FUNCTION AND ITS PROPERTIES.

Definition : Gamma function

m =f0°° e *x" ldx (n > 0)

Properties :

1. [n = 2[° e 2x?" ldx

a. [n+1=n[n

. /4 sin(2n—-1)x
Ex.: If In = fO T

dx then prove thatn(l,,,; — I,) = sin "2—” Hence find I;
Solution:

From I,, we can write

L f”“ sin(2n + 1)xd
e sinx *

%sin(Zn + 1)x —sin(2n — 1)x
e f : dx
0 sinx




%2 cos 2nx.sinx i sin2nx1™* 1 . nm
:f —dszf cosandx—Z[ ] = —sin—
0 0 0

sinx n 2

To find I,
Putn = 2,]3 _12 =0

Putn=1,12 _11 =1 - 12 = 1+11
Butl; = [fl.dx=1%
hy=1+—
lg=1+
Combination of Algebraic and Trigonometric Functions
-1

Ex.:Ifl, = [ "/2 x sin™ x dx show that I,, — I 2+

Solution: We have,
/2 /2
I, = f xsin"xdx =1, = j (x sinx) sin™ ! x dx
0 0

Using the rule of by parts

m2 5
I, = [smn 1 x j x sin x dx] j — (sin® 1 x) (j x sin x dx) dx

0 dx
I, = [sin® ! x (—xcos x + sin x)]’OT/2

— Jz(n — 1)(sin"™"% x cos x) ((—xcos x + sinx))dx
0
g /2
I, =1+ (n- 1)f x(sin® 2 x cos? x) dx — (n — 1)f sin™ ! x cos x dx
0 0
I,=1+(n—-1) ]2 x(sin® 2 x (1 — sin® x)) dx
0

/2
—(n—1) f sin® 1 x cos x dx
0




I,=1+(n-1) jz x(sin® 2 x (1 — sin? x)) dx
0

/2
—-(n—1) j sin® ! x cos x dx
0

n
flyp =14+ 0= Dy = (=Dl ——

Which on simplification gives

n—1 1
In= n In_2+ﬁ

R.F. For Algebraic Functions

Ex: If I, = [ ————dx then show that

(a2+x2)3/2

xn—l

(n—2)I, = r—(n— 1)012171—2

(a2+x2)2

Solution: consider

Iy

[ xn1 m dx and apply by parts we get

I, = x”"lf a dx—ji(x”"l) f ad dx | dx
n (a? + x2)3/2 dx (a2 + x2)3

I, =—x"1 L +(n—1) | x"? L dx
n 1

1
(a? + x?)2 (a? + x?)2

Multiplying and dividing integral by(a? + x?)

2 4 .2
I, = —x"1 - -+ (n—1) [ x"2 (a” +x )3 dx
(a? + x?)2 (a? + x?)2




1
I, = —x"1 -+ (n— 1)f ~dx
(a? + x2)2 (a? + x?)2

+(n — 1)[ = dx
(a? + x2)2

1
I, = —x"1 " 2)1 + (n—1a*l,_, + (n—1)I,
a?z + x2)z

On simplification we get
K1
(Tl - Z)In - 1 (TL - 1)azIn—Z
(a? + x2)2

GAMMA FUNCTION, BETA FUNCTION

Definition:

The definite improper integral f0°° t"le~tdt, (n > 0) is denoted by the symbol

I'(n) and called as Gamma n

Thus
T(n)=Jf, t"e~tdt,(n > 0)
Properties of Gamma Functions:
1. T() =1
Proof: I'(n)= fO°° t" e tdt

Put n=1




(1D =f tl‘le‘tdt=f e tdt =1
0 0

2. Reduction formula for Gamma Function: I'(n + 1) = nl'(n)

Proof: T(n+ 1) = [~ t"e~tdt

Using by parts

[00]

'n+1) = [t"je‘t alt]oo —f %t" (j e_tdt) dt
0 0
M+ 1) = [t" ("’__I)r - " e <e_—1t> dt
0 0

In+1) =0+ nf t" e tdt
0

~T(n+1) =nl'(n)

3. Ifnis positive integer then I'(n) = (n — 1)!

4. T(0) =
s 1) =

© n-1,-kt g4 — LW
6. fO t" e dt—k—n

Proof: Consider, I = [~ t" e *dt

Putht =x =t == o dt =%
K K
t 0 o)
X 0 0

o n-1
NS




7. T@I(1—p) = —

sinpm

/3 T 27
eg.:['(1/3)I'(2/3) = E = 52" 7

V3

Ex.1: Evaluate o~ x3?2 e *dx
Solution: of= x32 e *dx = of® x 521 e *dx

r(5/2)

r3/2+1)

3/2 1(3/2)

3/2. % (%)

3/2.% An

%\

Ex. 2: Find T(-%)

Solution: (%) +1 =%
M-1/2) = 1(-%2+1) /(-%)
= -2 I(1/2)
= -2n

Some Standard integrals to be reduced to Gamma Function

1. I= fooox”‘le‘axb dx

, . —1 —axP
Solution: Consider [ = fooox" le=ax" dx

~
I:r-l»—k

Put,ax? =t => x =

Q
ST




11 1_
Thus, dx = 5 I tb ldt,

ab

X 0 0

n—-1
®th 11 1
I:f n_le_tE—ltE ldt
0 ab ab
11 [t
I = - ) e"tdt
baE 0 agb
11
el =—— I‘(n/b)
b s
2. I=["x""ta™>*"dx
Solution:
Consider I = fooox”"la‘bxmdx
1
Putab*" = et = x = —"
(blogaym
11 1 1,
s~dx = ——T 1 tm “dt
M pm (log a)m
1 n—l
© tm 11 1 1y
.-.1=J —| et—— —tm 'dt
0 |(bloga)n ™ pm (log a)m
1 ® n_ 1
I = ﬁf tm 1e_tdt = ﬁr(n/m)
mbm(loga)m 70 mbm(loga)m

3. I = folxm(logx)"dx
Solution:

Putx =et = dx=—e tdt ~logx=—t




0 oo
o= f (e ™ (—D)"(—e D) dt = f (e ™ (—D)"(et)dt

I=(-D" f Ce-mvi(nge = (<17 At 721
0 (m+1)




